Abstract. It is proved that Triebel-Lizorkin spaces for some Laguerre and Hermite expansions are well-defined.
Introduction
Let D be a self-adjoint positive operator acting on L 2 (M), and let dE be its spectral resolution, that is, were studied by J. Epperson in [E1] and [E2] . It was proved there, using Mehler's formula, that the definition of the corresponding space F H α,q p is independent of the particular choice of the function ϕ.
The present paper continues these studies. We consider Triebel-Lizorkin spaces associated with some Laguerre expansions and multidimensional Hermite expansions. We use some ideas from [E1] combined with Heisenberg group methods (cf. [HJ] ). Symbolic calculus for sublaplacians on Heisenberg groups (cf. Theorem 2.3) plays an essential role in our paper. 1 2 (zz )). Let X j , Y j be the elements of the Lie algebra of H d which we identify with the left-invariant vector fields
The corresponding right-invariant vector fields are:
is a positive, homogeneous of degree 2, left-invariant subelliptic differential operator.
The following theorem due to Hulanicki (cf. [H] ) is the basic tool in our paper.
be the Laguerre function of type m, m = 0, 1, 2, ..., where
is the corresponding Laguerre polynomial of type m, m = 0, 1, 2, .... Let H/Γ denote the reduced Heisenberg group, where Γ = {(0, 2πn) : n ∈ Z} is a normal discrete central subgroup of H = H 1 . For p > 0 and nonnegative integer m we consider the space L p m (H/Γ) which consists of L p functions f which have the form
It is well known (cf. [T] ) that if a C 2 function f on H/Γ has the form (3.3), then Lf is of the same form, where L = −X 2 − Y 2 is the sublaplacian on H/Γ. Moreover, the functions
Triebel-Lizorkin spaces for Laguerre expansions
Let ϕ be a C ∞ function satisfying (1.2). We define the linear operators Q µ on
On the space L 2 m (H/Γ) we define the corresponding operatorsQ µ by setting
Obviously for f and g related by (3.6),
Our goal in this section is the following Theorem A. Let α ∈ R, 0 < p < ∞, and 0 < q < ∞. If ϕ
(1) and ϕ (2) are two C ∞ functions satisfying (1.2), then there exists a constant Csuch that
License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use On the reduced Heisenberg group H/Γ let d((z, t), (z , t )) be a distance function given by
where |(z, t)| = |z| + |t| 1/2 is a homogeneous norm on H. For a > 0 and f of the form (3.3) we define an analogue of the Peetre maximal operator:Ã µ f (z, t) = sup For the function ζ(λ) = j=1 j=−1 ϕ(2 j λ)ψ(2 j λ) we denote by M 2 −µ (z, t) the convolution kernel on H that corresponds to the operator ζ(2 −µ L), where L is the sublaplacian on H. By Theorem 2.3
Lemma 4.10. For every a > 0 there is a constant C > 0 such that
Similarly,
Now, applying (4.8), we get (4.11).
For h = (z, t) ∈ H/Γ and δ > 0, let B h (δ) be the ball in H/Γ centered at h and radius δ, that is, B h (δ) = {h 1 = (z 1 , t 1 ) : d(h 1 , h) < δ}. We shall denote by |B h (δ)| the volume of this ball. Note that |B h (δ)| is comparable with δ 4 for δ < 1 and with δ 2 for δ ≥ 1. Since |Q µ f (z, t)| does not depend on t, we set |Q µ f(z)| = |Q µ f(z, t)|.
1/r , where M is the classical HardyLittlewood maximal operator on R 2 and r = 2/a.
Proof. We conclude from the mean value theorem for stratified groups (cf. [FS] , Theorem 1.41) that there is a constant C such that for h 3 ∈ B 0 (2 −µ/2 δ)
This gives
. Using Lemma 4.10, we get
. Finally there is a constant C such that for any δ ∈ (0, 1)
, which completes the proof of the lemma.
Proof of Theorem A. Let 0 < r < min{p, q} and a = 2/r. For ϕ (2) let ψ (2) be a C ∞ function satisfying (1.2) such that (4.12) holds. IfR
ν is the linear operator determined byR
(1) µR
ν . (4.14)
By Theorem 2.3 the kernels K ν,µ ((z, t), (z , t )) of the operatorsQ
From Lemma 4.13 we conclude
Using the Fefferman-Stein vector-valued maximal inequality, we get
Triebel-Lizorkin spaces associated with the Hermite operator
be the Hermite operator on R d . Our main goal in the present section is to prove the following theorem which states that the definition of the Trieblel-Lizorkin space H α,q p (ϕ) does not depend on the particular choice of ϕ (cf. (1.3) ).
Theorem B. Let α ∈ R, 0 < p < ∞, and 0 < q < ∞. If ϕ
(1) and ϕ (2) are two C ∞ functions satisfying (1.2), then there exists a constant Csuch that 
